Tunneling exponents sensitive to impurity scattering in quantum wires 
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We show that the scaling exponent for tunneling into a quantum wire in the "Coulomb Tonks gas" 
regime of impenetrable, but otherwise free, electrons is affected by impurity scattering in the wire. 
The exponent for tunneling into such a wire thus depends on the conductance through the wire. This 
striking effect originates from a many-body scattering resonance reminiscent of the Kondo effect. 
The predicted anomalous scaling is stable against weak perturbations of the ideal Tonks gas limit 
at sufficiently high energies, similar to the phenomenology of a quantum critical point. 
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Introduction: The "spin-incoherent" limit of interact- 
ing quantum wires has attracted much recent atten- 
tion Generically this limit is reached at low elec- 
tron densities, when the Coulomb interaction suppresses 
spin-exchange between electrons. It appears at tempera- 
tures higher than the spin-exchange energy J, when the 
spin configuration of the wire becomes effectively static. 
Many of its properties [H, 0, [j| differ qualitatively from 
those of the asymptotic low-energy limit described by 
the Luttinger liquid \a\. It has been shown by Fogler 
that spin-incoherent physics can also be observed at high 
electron densities, when the Coulomb interaction induces 
the Coulomb Tonks gas of impenetrable, but otherwise 
free, electrons in ultra-thin quantum wires 

In this Letter we show that, rather than being just 
one of many realizations of the spin-incoherent electron 
gas, the Coulomb Tonks gas exhibits its own and qual- 
itatively different low-energy physics. Like most many- 
body effects observed in quantum wires without spin- 
incoherence 0, 0, 0, 0] this shows in experiments where 
electrons tunnel from an external probe, such as a scan- 
ning tunneling microscope tip, into the wire. We consider 
the situation depicted in Fig. [TJ panel a, where electrons 
tunnel into the wire near a static impurity. For a generic 
repulsively interacting electron gas, such an impurity cuts 
the wire into two at low energies [lfj]. Electrons then ef- 
fectively tunnel into the end of a half-infinite conductor 
without any signatures of spin- incoherence In the 
Coulomb Tonks gas, in contrast, interactions are weak 
except for a "hard core" that renders the electrons im- 
penetrable. Electron transmission through the impurity 
here remains possible at low energies, ideally with an 
energy-independent amplitude t. As a consequence, a 
many-body resonance develops that can be anticipated 
already from a perturbative analysis at weak transmis- 
sion t <C 1. One finds that a perturbative calculation is 
invalidated at low voltages V by contributions that di- 
verge as ln(eV/A) , where A is the bandwidth of the wire 
(we take the zero temperature limit at even smaller | J|). 
The physics of these divergencies is analogous to that of 
similar divergencies in the Kondo model [HI], an( i it is 
illustrated in panels b and c of Fig. [TJ Two processes 
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FIG. 1: Tunneling (amplitude v) into a conductor of impen- 
etrable electrons near a scatterer (amplitude t). Panels b and 
c depict processes where charge (the red balls) scatters within 
the wire after (b) or before (c) a tunneling event occurs. The 
two processes differ in the final spin orderings. 



contribute to the correction of the tunneling current at 
lowest order in t. In the first, electron-like one an electron 
tunnels into the wire and subsequently transmits through 
the impurity (Fig. [TJ b) . In the second, hole- like process 
an electron first scatters across the impurity and leaves a 
hole that then is filled by an electron tunneling in (Fig.[JJ 
c) . The static spins of the Coulomb Tonks gas follow the 
motion of charge, and thus, electrons scattering within 
the wire shift the spatial spin ordering. In general, the 
above two processes, where this shift of the spin state 
occurs either before or after the addition of a spin by the 
tunneling electron, therefore result in different final spin 
states as illustrated in Fig[JJ This prevents cancellations 
between the corrections to the tunneling amplitude due 
to these two processes that occur in the absence of spin. 
After a summation over intermediate electron and hole 
energies, the mentioned divergencies result. 

Below we resum these divergencies in the perturbation 
series and find that they result in a power law divergency 
of the conductance Gtun for tunneling into the wire, 
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where arcsin is the inverse of the sin-function. The res- 
onance described here has the peculiar effect of indue- 
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ing tunneling power laws with exponents that depend 
on the scattering properties of and thus on the conduc- 
tance through the wire. While tunneling exponents that 
depend on the strength of electron-electron interactions 
(Tot or the magnetic field [ijj had been found before for 
one-dimensional quantum wires, this effect is, to the best 
of our knowledge, characteristic of the Coulomb Tonks 
gas. Eq. ([1]) reproduces the exponent a = 1/2 of the 
impurity- free case at t = 1 [2, l3| • 

Ideal Tonks Gas: A wire in the ideal (fcrmionic) Tonks 
gas limit is described by a one-dimensional Hubbard 
model with an infinite onsite repulsion U. This model is 
solved exactly in terms of a static spin background and 
spinless fermions c, describing holes in the charge config- 
uration T3, 14 1 . The electron annihilation operator ip a 
in this solution is decomposed into the fermions c(x) and 
operators S a (x) that add a spin a to the spin background 
at position x as ij) a (x) = (x)S a (x). We study such a 
wire with an impurity at x — at zero temperature and 
eV -C A, such that the spectrum may be linear lized, 

dq 
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Here, cl 9 , c Rq create electrons with momentum q to 
the left and right of the impurity, c M = f (dq/2ir)c M 
(ji € {L,R}), A s is the amplitude for scattering across 
the impurity, and v F the Fermi velocity. 

We study the current / t un from a noninteracting tunnel 
probe into the interacting wire at x — + (we set % = 1), 
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where v is the amplitude for tunneling between wire and 
probe, and Ga, £probc,er are the Green functions of the 
interacting wire and the tunnel probe, respectively. We 
take v — > to be arbitrarily small. The Green function 
Q>{t) = -i(?A (T (0 + ,T)^(0 + ,0)) at the point of tunnel- 
ing in terms of hole and spin operators takes the form 

g>(r) = -i(5 CT (0+,r)4(r)c R (0)5t(0+,0)). (4) 

The spin expectation value in Eq. (T?J) is non-vanishing 
only if all spins between the one at x = + at time r and 
the spin that is at x = + at time have orientation a. 
This occurs with probability p^ r< - tS >~ Nr< - ^ f where N R = 
J (dq/2Tr)c Rq c Rq is the number of electrons to the right of 
the impurity and pf = 1 — p± = [exp(— (3Ez) + is the 
probability for a spin at inverse temperature /3 to point 
along the magnetic field with Zeeman energy Ez <C eV. 
Consequently the spin and the charge expectation values 
in Eq. ^ do not factorize and we obtain 0] 
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after a particle-hole transformation. Here, z T — 
exp(-^ z( iT/2) and 0<(r) = Pa z- 2 g>( T )*. 

Weak Transmission: At low bias voltages a perturba- 
tive evaluation of /tun in As is invalidated by the logarith- 
mic divergencies motivated in the introduction. We thus 
start with a perturbative renormalization group (RG) ap- 
proach valid at weak As <C v-p , summing all contributions 
to the perturbation series of leading order in the diverg- 
ing logarithms at a given order in As- To compute G^ a , 
Eq. ©, and thus /tun via Eq. ©, we add the vertices 
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to H. While not directly needed for Q^, the vertices 
with [i — L or k ^ are included as they are generated 
by the RG flow. In terms of the logarithm / = ln((jj/A) of 
the running cut-off uj we then find the scaling equations 



dv Rk /dl = (2irv F ) 1 A s (u LA - v Lk+1 ), 
dv Lk /dl = (2nv F y 1 Xg(v Kk - vsjt-i)- 



(8) 



Here, the first terms on the right hand sides of Eqs. ([8]) 
derive from electron-like processes (Hs acting to the left 
of H v - see Fig.[T]b), and the second terms are due to hole- 
like events (Fig.[T]c). At low energies the eigenvector v of 
the right hand sides of Eqs. ([5]) with the smallest eigen- 
value dominates their solution for generic initial condi- 
tions. We find v Lk = v (-l) k , i> Rk = u (-l) fc+1 A s /|A s | 
and the corresponding eigenvalue yields 
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The Green function Q^ a , Eq. ([6|), averages a product of 
two of the vertices contained in H v . Using the solution of 
Eq. ([9]) in Eqs. ([6]) and ([3]) we arrive, up to prefactors, at 
the scaling of the tunneling conductance Gtun = hun/V, 
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Here, |i| = |As|/«f + C(|As|/wf) 2 is the transmission 
amplitude through the impurity introduced before. For 
small t the logarithmic divergencies encountered in a per- 
turbation series in t thus indeed lead to the ^-dependent 
tunneling exponent advertised in the introduction. 

Good Transmission: Eq. (|10l) is valid only at small 
i<l and thus its scaling exponent is small and hard to 
measure. To access also the nonperturbative regime of 
good transmission t ~ 1 we employ a method that was 

H. To this 



introduced by Abanin and Levitov in Ref. 
end we use time translation invariance to rewrite Eq. (6l) 
in a form directly corresponding to Eq. (6) of Ref. [15( , 
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We may thus closely follow Ref. [l5j in expressing Eq. 
(fTTj) in a basis of time-dependent scattering states with 
indices s for their scattering time and 7 for their direction 
and rewriting it in terms of single-particle operators, 



-i det {[I + (T- I) f]}^u 7 u*, (12) 
77' 

x{(l-/)[/ + T- 1 (l-/)]- 1 } , 

where m 7 is the amplitude for an electron in state 7 to be 
at x — + , f SS ' = l/2m(s — s' — iS) with 6 « 1/A, and 

(13) 



Here, ft and riR are the first-quantized forms of H and 
A/r,, respectively. The matrix T takes the form T ss i = 
S SS >R for — r < s < and T = <L S / otherwise, where 



R = S^e i ^ R Se" i ^ R . 



(14) 



(At r > 0; similarly for r < 0). 0^ = (a x + ia y )/2, 
with the Pauli matrices <J x / y , projects onto amplitudes 
to the right of the scatterer that has a scattering matrix 
S. Evaluated in the eigenbasis of R, Eq. (JX2J) yields 
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with w 2 = ln[(r - iS)/(-iS)]. The indices j,k G {1,2} 
label the two eigenvalues of i? and the Uj correspond to 
their eigenvectors. The phases Xj take the form 



Xj = (— 1) J arcsin 
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In the regime of weak transmission f « 1 the Green 
function implied by Eq. (|15p has a closed form expression 
in terms of modified Bessel functions of the first kind /„, 
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Here, ip is the phase that electrons incident on the 
scatterer from the right pick up when backscattering. 
Without spin-polarization, when p a w 1/2, the k- 
summation in Eq. (I17|) terminates after a few terms. Us- 
ing the asymptotic form of the Bessel functions /„ (x) ~ 
exp(x)/\/2nx at \t\w 2 ^> nk 2 , that is at low voltages, the 
sum over k may be performed explicitly and one finds the 
same scaling as with our RG approach, Eq. (fT0|) . 

For general t we carry out the ^-integration of Eq. ([5]) in 
saddle point approximation, again valid at low voltages, 
\t\w 2 7r. In the absence of spin-polarization, when 
1 — pa- is not small, the dominant saddle point is located 
at £ = (— l)- , 7r, where j is the summation index in Eq. 
(|15j> . The corresponding contribution to the integral is 
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FIG. 2: Scaling exponent a of the tunneling current into a 
Coulomb Tonks gas wire with impurity as a function of the 
conductance G through the wire, normalized to Go = e 2 /h. 



with a — 2(1 — 8/tt)6/tt and 9 — arcsin \t\. Using 
Eq. ([3]) one immediately arrives at our main result, Eq. 
([1]). Experimentally \t\ can be inferred from a measure- 
ment of the conductance through the interacting wire 
G = \t\ 2 e 2 /h if the scatterer at x = is the only impu- 
rity in the wire. For that case we show the dependence of 
the exponent a on G over its entire range in Fig. [2j The 
cross-over to spin-polarized behavior in a magnetic field 
is described by a second saddle point of the ^-integral in 
Eq. ©, 
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valid at 1 — p a <C 1. The crossover of the scaling of 
Gtun to Ohmic behavior takes place as the Zeeman energy 
exceeds the crossover scale 
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The crossover occurs at decreasing magnetic fields as the 
transmission through the wire decreases until at t = 
the tunneling current is Ohmic already in zero field. 

Coulomb Tonks Gas: In the Coulomb Tonks gas 
formed by real electrons in quantum wires, the tails of the 
Coulomb potential introduce weak forward scattering in- 
teractions in addition to the hard core repulsion that ren- 
ders the electrons impenetrable Q . The dynamics of the 
charge carrying holes in the interacting wire may then be 
described by a Luttinger liquid with interaction parame- 
ter g. The ideal Tonks gas considered above is recovered 
at g = 1. At sufficiently high energies the forward scat- 
tering interactions are weak also on the Coulomb Tonks 
gas, |1 — g\ -c 1. Hence we may include these interac- 
tions in our earlier perturbative RG approach valid at 
! « 1. We first take g to be energy-independent. The 
flow equations ((5]) in that case have to be complemented 
by an additive contribution (g^ 1 — l)v^k/2 to dv^k/dl 
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and an additional equation dt/dl = (g 1 — l)t, yielding 
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at |1 — g\ <C 1 (up to a prefactor). Expanding the power 
law inside the exponential of Eq. (|21[) . we find that the 
scaling of Eq. [fTO]) is still observable over < 1 1 — <7 1 1 
decades, with a renormalized transmission ty and an ad- 
ditional renormalization of the tunneling amplitude v, 
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for |ln(V/Vo)| <C 1 1 — | 1 . We expect that similarly also 
Eq. ([1]) at strong transmission is robust against the weak 
forward scattering interactions in the Coulomb Tonks gas 
with a restricted scaling range of voltages. At V = 0, 
Gtun/Gtun|t=o has an essential singularity at g = 1 [see 
Eq. (|2ip]. This formally supports our earlier statement 
that the ideal Tonks gas limit qualitatively differs from 
the general spin-incoherent electron gas with g 1 . The 
above nonanalyticity at V = is an indication of possi- 
ble nonanalyticities in ground state properties and thus 
of a quantum phase transition in our model at g = 1. 
This conjecture finds further support in the scaling be- 
havior of Gtun- Perfect scaling has been found only at the 
(possibly critical) point g = 1. But for sufficiently high 
energies, eV ^> eV g — Aexp(— 1/|1 — g\), scaling persists 
to g ^ L the typical behavior around a quantum critical 
point [16j . One may thus speculate that there is a phase 
transition in our model between two qualitatively differ- 
ent ground states, where i) all spins in the interacting 
wire are entangled with the noninteracting probe (g > 1) 
and ii) this holds only for one half of the wire that is cut 
into two by the impurity (g < 1). Definite statements 
about the ground state, however, are not possible on the 
basis of the above calculation, because it is perturbative 
in the amplitude v that grows large in the limit V — > 0. 

The Coulomb Tonks gas is realized in wires whose ra- 
dius R is much smaller than their effective Bohr radius 
clb = h K,/m*e 2 , such that the parameter L = ln(as/i?) 
grows large [H . Here, m* is the effective mass of the con- 
duction electrons, and k is the dielectric constant of the 
substrate that supports the wire. The regime appears 
at high electron density n, when r s = l/2nciB is small, 
C^ 1 <C r s <C 1. The electrons in such a wire are im- 
penetrable, with J w A[r s (C + lnr s )] _1 , but otherwise 
free at energies u> ^> uj* exceeding an exponentially small 
scale = (A/r s ) exp(— n 2 /2r s ). The forward scattering 
part of the Coulomb potential is indeed a small perturba- 
tion described by an interaction parameter 1 — gc{^) ~ 
(2r s /^ 2 )ln(AAv) < 1 g. Repeating our above RG- 
analysis for this energy-dependent interaction, we find 
Vf, k ~ exp[-r s / 2 /27r 2 - |^7r/4r s erf (Z^/vr)]. For fre- 
quency ratios ln(w/a;o) <C min{[l — gdu)] -1 , tt/v^s} we 
may expand the error function erf around I = ln(wo /A) to 



find for Gtun an expression like Eq. (|22|) with g = gc(eV) 
and ty = (eV/A) (1 - 9)/2 t. At t < 1 the predicted scaling 
is thus observable over < min{7r 2 /2r s ln(A/eV), k/tJtI} 
decades with eV » For the above effects to be ob- 
servable the spin-incoherent condition /3 _1 3> J has to be 
satisfied. If tunneling takes place remote from the scat- 
terer, at x = xq ^ 0, eV <C Vp/xo is required addition- 
ally. Our calculation further assumes eV <C A , where A 
is the width of the energy window around the Fermi level 
in which the energy-dependence of the scattering ampli- 
tude As may be neglected. The above scaling thus oc- 
curs at A/r s (£ + lnr s ) < /3" 1 < eV < min{u F /a:o, A }. 
Alternatively, the Coulomb Tonks gas is found in gated 
wires at R < ob and low densities, n <C a^/D 2 < C , 
where D is the distance between wire and gate 0, [lj 

The physics described above is relevant also for ultra- 
cold clouds of fermionic atoms. There the Tonks gas 
regime g w 1 is naturally realized since atoms are charge 
neutral and interact only via a local, "hardcore" poten- 
tial. The bosonic Tonks gas (IR [l9j as well as one- 
dimensional Fermi gases [20( have already been demon- 
strated experimentally. Progress is being made in cool- 
ing Fermi gases substantially below the Fermi tempera- 
22| , as required to observe the scaling predicted 
Also the experimental techniques for transport 
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ture 
above. 

measurements with local probes as described above have 
been proposed [23, |24| and are expected to be experi- 
mentally implemented in the near future. 

Conclusions: We have predicted a many-body scat- 
tering resonance for the strongly correlated Tonks gas 
regime of quantum wires. It is reminiscent of the Kondo 
resonance and possibly marks the critical point of a quan- 
tum phase transition. The effect occurs in the presence of 
static impurities and it has a clear and intriguing exper- 
imental signature: The tunneling current into the wire 
obeys a power law with an exponent that depends on the 
conductance through the wire. This anomalous scaling is 
observable in ultra-thin wires at high electron density, in 
gated conductors at low density, and in ultracold gases 
of fermionic atoms. 

The author thanks M. M. Fogler very much for helpful 
correspondence. 
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